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We propose a theory to explain the experimental results regarding short, intense optical pulses.
This theory is characterized by conjugate momentum interaction and an especially large quantum
enhancement factor and unifies the generation processes of coherent phonons, which was formerly
attributed to impulsive stimulated Raman scattering and displacive excitation of coherent phonons.
We apply the proposed theory to the instantaneous generation of lattice strain and derive the
quantitative relationship between incident fluence and resultant strain.
The Franck-Condon principle [1–3] is an intuitive semi-
classical approach and is widely applied various light-
matter interactions. Many spectral-domain experiments
under weak continuous excitation are well explained by
the Franck-Condon principle [4]. Advances in ultra-
fast laser technology enable the impulsive generation
and detection of lattice vibrations in the time domain
(the so-called coherent phonons). A large number of
coherent-phonon experiments [5–9] have been conducted
using intense transient excitation. To date, the gen-
eration mechanism of coherent phonons has been com-
monly attributed to displacive exciteation of coherent
phonons (DECP) and impulsive stimulated Raman scat-
tering (ISRS). Although the experimental conditions in-
volved drastically differ, these mechanisms are still based
on the Franck-Condon principle and similar concepts.
The DECP process is shown schematically in Fig. 1(a).
Pulsed optical excitation causes the transition between
adiabatic potentials without changing the atomic posi-
tion (Franck-Condon principle), and the atom initiates
the coherent-phonon oscillation in the electronic excited
state. In this model, the mechanical energyW is propor-
tional to optical fluence. Conversely, experimental results
clearly show that the amplitude of coherent phonons is
proportional to optical fluence. Because the vibrational
energy is proportional to the square of its amplitude, the
mechanical energy of coherent phonons should be pro-
portional to the square of optical fluence, as shown in
Fig. 1(b). This discrepancy in the dependence of coherent
phonons on fluence suggests that a different approach is
needed to understand transient light-matter interactions
under short, intense optical excitation.
In this study, we introduce an effective Hamiltonian
that can solve this problem and describe the resultant
light-matter interactions. We apply this Hamiltonian
to an ideal lattice composed of atomic layers and ob-
tain a quantitative explanation of nonthermally gener-
ated strain.
First, we consider the motion of a nucleus in a lattice
system. Let qˆ, pˆ, m, and Z be the position coordinate op-
erator, conjugate momentum operator, mass, and atomic
number of the nucleus, respectively. The Hamiltonian of
the nucleus interacting with an electromagnetic field is
Hˆnuc(qˆ, pˆ) = 1
2m
(pˆ− ZeA(qˆ))2 + Zeφ(qˆ), (1)
where e, A, and φ are the elementary charge and the vec-
tor and scalar electromagnetic potentials, respectively.
The potentials include the effect of the lattice system,
which is composed of electrons and the other nuclei, and
the effect of the external electromagnetic field. When
a resonant optical field is applied to the lattice sys-
tem, the electromagnetic potentials become very com-
plex. Apart from this bare electromagnetic interaction,
the effective Hamiltonian for transient light-matter inter-
actions is simply introduced by inspection. The Hamil-
tonian should have the position coordinate of the nucleus
and its conjugate momentum; moreover, it should repro-
duce the phonon amplitude proportional to the optical
fluence around the equilibrium position. Therefore, the
form of the effective Hamiltonian is
Hˆform(qˆ, pˆ) = 1
2m
pˆ2 +
k
2
qˆ2 + (−ξqˆ + ηpˆ) I(t), (2)
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FIG. 1. (a) Schematic diagram of the DECP process based
on the Franck-Condon principle. (b) Fluence dependence of
vibrational energy under impulsive excitation. Because the
phonon amplitude is found experimentally to be proportional
to the fluence, the vibrational energy is quadratic in fluence
whereas the DECP process is linear in fluence.
2where ξ, η, and k are the optical-interaction coefficients
and the spring constant around the equilibrium position,
respectively. The intensity I(t) of light is expressed as
the product of the velocity and the energy density inside
the lattice system:
I(t) =
c
n
· n2 ε0E
2(t)
2
. (3)
In Eq. (3), c and ε0 are the speed of light and the dielec-
tric constant in vacuum, and n is the real part of the com-
plex index of refraction of the crystal lattice. The square
of the electric filed E(t) is averaged over one optical cy-
cle. In addition, the time derivative of the mechanical
energy W (t) of the nucleus
d
dt
W (t) =
(
p(t)
m
ξ + kq(t)η
)
I(t) (4)
is obtained from Eq. (2), where p(t) and q(t) are the
expectation values of pˆ and qˆ, respectively. If Eq. (2)
is regarded as an externally driven harmonic oscillator
with eigenfrequency Ω =
√
k/m, the second quantized
Hamiltonian is
Hˆsq = ~Ω
2
(
aˆ†aˆ+ aˆaˆ†
)− I(t)
2
(
Ξaˆ+ Ξ∗aˆ†
)
. (5)
The annihilation operator aˆ and the complex interaction
coefficient Ξ are defined as
aˆ=
√
mΩ
2~
qˆ + i
√
1
2m~Ω
pˆ, (6)
Ξ=
√
2~
mΩ
ξ + i
√
2m~Ωη. (7)
By using Eq. (5) and the commutation relation
[
aˆ, aˆ†
]
=
1, the equation of motion for the expectation value a(t)
of the annihilation operator aˆ is
d
dt
a(t) + iΩa(t) = − Ξ
∗
2i~
I(t), (8)
which is easily integrated as
a(t) = − Ξ
∗
2i~
∫ t
−∞
eiΩ(t
′−t)I(t′)dt ′. (9)
If we define the time-dependent variables CR(t) and CI(t)
by
CR(t) + iCI(t) ≡
∫ t
−∞
eiΩ(t
′−t)I(t′)dt ′, (10)
the expectation values of qˆ and pˆ,
q(t)= ηCR(t)− ξ
mΩ
CI(t), (11a)
p(t)= ξCR(t) +mΩηCI(t), (11b)
are obtained from Eq. (6). Note that, in the impulsive
limit, CR(t) and CI(t) have cosine and sine waveforms,
respectively. Therefore, coherent-phonon-generation pro-
cesses, which have been classified so far as DECP or
ISRS mechanisms, are unified in this theory as a tran-
sient light-matter interaction.
Let us evaluate the time evolution of nucleus motion
in the impulsive limit. Because the effect of the coupling
constant ξ has already been discussed in many articles [8,
10], we concentrate here on the coupling coefficient η that
has been introduced in this work. Hereafter, we call this
interaction the conjugate momentum interaction. The
time evolution of the intensity of the laser beam is
I(t) = I0 {θ(t) − θ(t− τ)} , (12)
where θ is a step function and the duration time τ is
(0 ≤ τ ≪ 1/Ω). If we assume ξ is 0, then
p(t)≈ 0, (13a)
q(t)≈ ηI0t. (13b)
The time evolution is shown schematically in Fig. 2(a).
This nucleus motion is somewhat controversial because
the nucleus moves whereas the momentum is always 0.
However, this is not surprising because the conjugate mo-
mentum is a sum of the nucleus momentum and of the
momentum of the electromagnetic field. During the in-
teraction, the nuclear momentum is supplied by the elec-
tromagnetic field, and it is returned to the field when
the interaction finishes. The transient momentum ZeA
could be much larger than the momentum of the incident
optical field. The nucleus moves from one rest position
q
p
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FIG. 2. (a) Time evolution of the nucleus in the impulsive
limit through conjugate momentum interaction. The total
momentum remains unchanged whereas the kinetic momen-
tum is temporally supplied by the electromagnetic field. (b)
The nucleus moves from one rest position to another rest po-
sition. The absorbed photon energy is internally converted to
mechanical potential energy.
3to another rest position and the elastic energy held in
the electron system increases, as shown in Fig. 2(b). In
the whole process, the absorbed photon energy is inter-
nally converted to elastic energy. Therefore, energy and
momentum conservation are not violated.
The goal of establishing the effective Hamiltonian is
to determine the coupling constant by using the physical
parameters of the lattice. If we define the electron opti-
cal polarizability around the nucleus as χ, the resultant
dielectric energy U = χE2(t)/2. By assuming that the
driving term of Eq. (5) is proportional to the potential
force derived from dielectric energy [8],
ΞI(t) = g
dU
da
= g
dχ
da
E2(t)
2
, (14)
where g is a nondimensional coupling constant. By using
Eq. (3), Eq. (14) is rewritten as
Ξ =
g
ncε0
dχ
da
. (15)
Because χ is an analytic function of complex variables,
the Cauchy-Riemann equations are(
dχ
da
)
Re
=
∂χRe
∂aRe
=
∂χIm
∂aIm
, (16a)
(
dχ
da
)
Im
=
∂χIm
∂aRe
= −∂χRe
∂aIm
. (16b)
From Eqs. (6) and (7), the optical-interaction coefficients
are
ξ=
g
ncε0
∂χRe
∂q
=
gmΩ
ncε0
∂χIm
∂p
, (17a)
η= − g
ncε0
∂χRe
∂p
=
g
mΩncε0
∂χIm
∂q
. (17b)
Without specific knowledge about the bonding electron
system, this simple relationship effectively links the pho-
toabsorption and the quantum motion of nuclei as fol-
lows. If we insert the parameters into Eq. (4) with the
imaginary part of Eqs. (17), we obtain
d
dt
W (t) =
gΩ
ncε0
(
∂χIm
∂q
q(t) +
∂χIm
∂p
p(t)
)
I(t). (18)
In general, the rate of photon-energy absorption is ex-
pressed by the electron optical polarizability, which is
rewritten by using Eq. (3) as
1
2
ωχImE2(t) =
ωχIm
ncε0
I(t), (19)
where ω is the optical frequency of the laser pulse. The
Taylor expansion of the imaginary part of the polariz-
ability is
χIm = χ
(0)
Im +
∂χIm
∂q
q(t) +
∂χIm
∂p
p(t). (20)
The first term on the right-hand side corresponds to nor-
mal photoabsorption, and the other terms are responsi-
ble for transient light-matter interactions. The resulting
change in photoabsorption represents a reaction of the
bonding electrons to the quantum motion of the nuclei
and guarantees that the amplitude of coherent phonons
is linear in optical fluence, which cannot be explained by
semiclassical theory. If we insert Eq. (20) into Eq. (19)
and compare the result with Eq. (18), energy conserva-
tion requires
g = ω/Ω. (21)
Under typical experimental conditions, the phonon fre-
quency Ω is located in THz frequency range, whereas the
laser light is in the near-visible range. Therefore, the
coupling constant g takes the value of several hundred,
which leads to a very efficient enhancement of transient
light-matter interactions.
From a theoretical point of view, transient light-matter
interactions are considered as a special example of a
”finite-size correction of Fermi’s golden rule,” which has
been recently proposed [11]. In Fermi’s golden rule,
which governs normal photoabsorption, energy conserva-
tion is enforced by a delta function, such as δ(ω−Ω), and
a constant transition probability is defined. However, for
finite-size corrections, energy conservation is expressed
by the ratio of energy quanta, such as ω/Ω. By using
the real part of Eqs. (17), the final form of the effective
Hamiltonian for transient light-matter interactions is
Hˆeff = 1
2m
pˆ2+
k
2
qˆ2− ω
Ω
(
∂χRe
∂q
qˆ +
∂χRe
∂p
pˆ
)
I(t)
ncε0
. (22)
Finally, we apply this transient light-matter interac-
tion to strain-pulse generation by using an ideal lattice
consisting of atomic layers, as shown in Fig. 3(a).
The guiding principle to consider the quantum mo-
tion of a multilayered system is the balance of mechani-
cal energy and photoabsorbed energy in each layer. Let
Qˆ, Pˆ be the displacement of the interlayer distance and
FIG. 3. (a) Ideal lattice consisting of atomic layers for con-
sidering strain-pulse generation through the conjugate mo-
mentum interaction. (b) Change in wave function of bonding
electrons caused by lattice displacement.
4the conjugate momentum operators, respectively, of an
atomic layer whose cross-sectional area is S. In this case,
the monolayer Hamiltonian derived from Eq. (22) is
HˆL = Pˆ
2
2ρSd
+
Y Sd
2
(
Qˆ
d
)2
−ωSd
ΩL
(
∂ε˜Re
∂Q
Qˆ+
∂ε˜Re
∂P
Pˆ
)
I(t)
nc
, (23)
where, ρ, d, Y , and ε˜ are the density, lattice constant,
elastic constant, and relative dielectric constant, respec-
tively. The corresponding phonon energy ΩL =
√
Y/ρ/d.
The relative dielectric constant is
ε˜ =
1
ε0
χL
Sd
, (24)
where χL is the total electron optical polarizability per
layer. Under impulsive excitation, the conjugate momen-
tum interaction predicts instantaneous generation of lat-
tice strain u = Q/d, as indicated by Eq. (13b). By using
the lattice parameters and optical fluence F (≈ I0τ), the
associated stress σ is
σ = Y u =
1
n
∂ε˜Im
∂u
2piF
λ
, (25)
where λ is the wavelength of the laser pulse in vacuum.
For simplicity, the real part of the index of refraction
n is assumed to be constant. Although Eq. (25) in-
dicates the instantaneous generation of strain without
thermal expansion or high-density carriers, it is very dif-
ficult to verify this effect experimentally. Low-density
excitation experiments [12–14] prove only that the strain
pulse is proportional to fluence. Time-resolved diffrac-
tion experiments with x-rays and electrons [15–17] under
high-density excitation reveal surprisingly large lattice
displacements; however, insufficient temporal and spa-
tial resolution obscures the effect. Conversely, the strain
modulation of coherent phonons in antimony [18] could
provide additional information about the effect. The re-
duction of the frequency of the coherent phonon imme-
diately after the high-density pulse excitation can be ex-
plained by the lattice strain. The experimental result
shows that the fluence of 1.0 mJ/cm2 at a wavelength
of 800 nm generates a pressure of 0.9 GPa. The corre-
sponding optical parameters of antimony, n and ε˜Im, are
2.50 and 23.9, respectively [19]. If we evaluate the par-
tial differential coefficient in Eq. (25) by inserting these
parameters, the ratio ∂ε˜Im
∂u
/ε˜Im is estimated to be 1.20.
This value indicates that the lattice strain and the rela-
tive change in the imaginary part of the dielectric con-
stant are of the same order of magnitude. This result
is quite reasonable because the wave function of bonding
electrons depends on lattice strain, as shown in Fig. 3(b).
In conclusion, we introduce herein a new effective
Hamiltonian with which we study the transient light-
matter interaction induced by short, intense optical
pulses. The Hamiltonian includes the conjugate momen-
tum interaction and a very large quantum enhancement
factor that reflects the ”finite size correction of Fermi’s
golden rule.” The theory unifies the generation processes
of coherent phonons formerly attributed to the ISRS and
DECP mechanisms. Moreover, the theory quantitatively
predicts the nonthermal generation of lattice strain and
is consistent with the experimental result in antimony.
This simple theory overturns the semiclassical concept
applied heretofore in most experiments with short, in-
tense optical pulses.
The author thanks Professor Kenzo Ishikawa for his
encouragement and stimulating discussion.
∗ mis@phys.sci.hokudai.ac.jp
[1] J. Franck and E. G. Dymond, Trans. Faraday Soc. 21,
536 (1926).
[2] E. Condon, Phys. Rev. 28, 1182 (1926).
[3] R. T. Birge, Phys. Rev. 28, 1157 (1926).
[4] J. Friedrich and D. Haarer, Angew. Chem. Int. Ed. Engl.
23, 113 (1984).
[5] S. D. Silvestri, J. G. Fujimoto, E. P. Ippen, E. B. Gam-
bleJr., L. R. Williams, and K. A. Nelson, Chem. Phys.
Letters 116, 146 (1985).
[6] G. C. Cho, W. Ku¨tt, and H. Kurz, Phys. Rev. Lett. 65,
764 (1990).
[7] G. A. Garrett, T. F. Albrecht, J. F. Whitaker, and
R. Merlin, Phys. Rev. Lett. 77, 3661 (1996).
[8] R. Merlin, Solid State Commun. 102, 207 (1997).
[9] T. Mishina, K. Nitta, and Y. Masumoto, Phys. Rev. B
62, 2908 (2000).
[10] T. E. Stevens, J. Kuhl, and R. Merlin, Phys. Rev. B 65,
144304 (2002).
[11] K. Ishikawa, T. Tajima, and Y. Tobita, Prog. Theor.
Exp. Phys. 2015, 013B02 (2015).
[12] J. J. Baumberg, D. A. Williams, and K. Kohler, Phys.
Rev. Lett. 78, 3358 (1997).
[13] M. Kasami, T. Mishina, S. Yamamoto, and J. Nakahara,
J. Lumin. 108, 291 (2004).
[14] O. Matsuda, T. Tachizaki, T. Fukui, J. J. Baumberg,
and O. B. Wright, Phys. Rev. B 71, 115330 (2005).
[15] D. A. Reis, M. F. DeCamp, P. H. Bucksbaum, R. Clarke,
E. Dufresne, M. Hertlein, R. Merlin, R. Falcone,
H. Kapteyn, M. M. Murnane, J. Larsson, T. Missalla,
and J. S. Wark, Phys. Rev. Lett. 86, 3072 (2001).
[16] F. Carbone, P. Baum, P. Rudolf, and A. H. Zewail, Phys.
Rev. Lett. 100, 035501 (2008).
[17] R. K. Raman, Y. Murooka, C.-Y. Ruan, T. Yang,
S. Berber, and D. Toma´nek, Phys. Rev. Lett. 101,
077401 (2008).
[18] H. Kumagai, I. Matsubara, J. Nakahara, and T. Mishina,
(2016), arXiv:1603.00111 [cond-mat.mtrl-sci].
[19] Optical parameters of antimony are taken and calcu-
lated from dielectric constant in Landolt-Bo¨rnstein, New
Series, edited by O. Madelung, U. Ro¨ssler, M. Schulz
(Springer, Berlin, 1998), Vol. III/41C.
